Abstract. The energy spectra and composition of ultra-high energy cosmic rays are changing in a course of propagation in the expanding Universe filled with background radiation. We developed a numerical code for solution of inverse problem for cosmic-ray transport equations that allows the determination of average source spectra of different nuclei from the cosmic ray spectra observed at the Earth. Employing this approach, the injection spectra of protons and Iron nuclei in extragalactic sources are found assuming that only these species are accelerated at the source. The data from the Auger experiment and the combined data from the Telescope Array + HiRes experiments are used to illustrate the method.
Introduction
The origin of cosmic rays with energies E > 10 18 eV remains a key problem of cosmic ray astrophysics. The observed suppression of cosmic ray flux at energies above ∼ 5 × 10 19 eV seems confirm the presence of the GZK cutoff predicted in [1, 2] although the suppression due to the acceleration limits in cosmic ray sources can not be excluded [3, 4] . The occurrence of the GZK suppression and the high isotropy of the highest energy cosmic rays are indicative of their extragalactic origin. The list of potential sources which could give the observed cosmic ray flux includes active galactic nuclei, gamma-ray bursts, fast spinning newborn pulsars, interacting galaxies, large-scale structure formation shocks and some other objects, see reviews [5] [6] [7] and references therein.
The present knowledge about the highest energy cosmic rays was mainly acquired from the High Resolution Fly's Eye Experiment (HiRes), Pierre Auger Observatory (Auger), Telescope Array experiment (TA), and from the Yakutsk complex EAS array, see [5, 8, 9] . The mass composition of these cosmic rays remains uncertain. The interpretation of HiRes and TA data favors predominantly proton composition at energies 10 18 to 5 × 10 19 eV, whereas the Auger data indicate that the cosmic ray composition is becoming heavier with energies changing from predominantly proton at 10 18 eV to more heavy and approaching Iron composition at about 5 × 10 19 eV. The mass composition interpretation of the measured quantities depends on the assumed hadronic model of particle interactions which is based on not well determined extrapolation of physics from lower energies.
The energy spectrum in extragalactic sources is commonly determined by the trailand-error method when one makes the calculations of the expected at the Earth cosmic ray intensity assuming some shape of the source energy spectrum and the source composition. The calculations follow cosmic ray propagation from the source to the observer, e. g. [10] . The standard assumption is that the source spectrum is a power law on magnetic rigidity up to some maximum rigidity.
In the present work we show how to inverse the procedure and calculate the source function starting from the observed at the Earth spectrum without ad hoc assumptions about the shape of source spectrum. Simple cases of the source composition that includes protons and Iron nuclei are considered and the analytical approximations of the data from Auger and TA+HiRes experiments are used.
Solution of inverse problem for a system of cosmic-ray transport equations
We use the following transport equation for cosmic ray protons and nuclei in the expanding Universe filled with the background electromagnetic radiation (see [11] for details):
The system of eqs. (2.1) for all kinds of nuclei with different mass numbers A from Iron to Hydrogen should be solved simultaneously. The energy per nucleon ε = E/A is used here because it is approximately conserved in a process of nuclear photodisintegration, F (A, ε, z) is the corresponding cosmic-ray distribution function, z is the redshift, q(A, ε) is the density of cosmic-ray sources at the present epoch z = 0, m characterizes the source evolution (the evolution is absent for m = 0), τ (A, ε, z) is the characteristic time of energy loss by the production of e − e + pairs and pions, ν(A, ε, z) is the frequency of nuclear photodisintegration, the sum in the right side of eq. (2.1) describes the contribution of secondary nuclei produced by the photodisintegration of heavier nuclei, A comprehensive analysis of cosmic ray propagation in the intergalactic space was presented in [12] .
The numerical solution of cosmic-ray transport equations follows the finite differences method. The variables are the redshift z and log(E/A).
Let us introduce solution G(A, ε; A s , ε s ) of eqs. (2.1) at z = 0 for a delta-source q(A, ε) = δ AAs δ(ε − ε s ). This source function describes the emission of nuclei with mass number A s and energy ε s from cosmic ray sources distributed over all z up to some z max . The general solution of eqs. (2.1) at the observer location z = 0 can now be presented as
Here N (A, E, z) is the spectrum of nuclei with atomic mass A as the function of the total energy E. The observed all-particle spectrum is determined by the summation over all types of nuclei A N (A, E, z = 0). The set of discrete values of particle energies E i and ε i is defined to solve the transport equation numerically. The grid with constant ε/ε and with 100 energy bins per decade is used in our calculations. Eq. (2.2) in the discrete form is
where the subscript indexes i and j denote the corresponding energies E i and ε j . The all particle spectrum is A N i (A, z = 0). The source term q j (A) for each type of nuclei can be derived from the system of linear eqs. (2.3) if the observed spectra N i (A, z = 0) for all types of nuclei are known. In fact, the detailed information on the spectra of individual types of nuclei N i (A, z = 0) is usually not available.
If only the all particle spectrum A N i (A, z = 0) is known, the source spectra can be found when the source abundances for different types of ions are specified. In the simplest case, when only nuclei with mass number A = A s are accelerated in the sources, eq. (2.3) allows to find the following relation:
In another physically justified case, the source terms for all primary nuclei are similar functions of magnetic rigidity R = E/Z, so that q(A, ε) = S A Q(Aε/Z) where S A are the normalization coefficients. The last equation in a matrix form can be presented as
where M is a matrix, which provides the needed dependence of the source term on rigidity. The relation Z = A/2 is assumed in our calculations for all nuclei heavier than protons. The formal solution of the inverse problem is now
Technically, the calculations of inverse matrixes in eqs. (2.4, 2.6) are straightforward since G ij is the triangular matrix owing to the monotonic decrease of particle energy in a course of its transport in the intergalactic medium. However, as it is known from the analysis of equations of such kind [13] , the solutions of the integral and matrix eqs. (2.2, 2.3) do not depend continuously on their right-hand sides. The small errors in the data N (A, E, z = 0) may be greatly amplified in the solution q(A, ε), so that the inverse problem is ill-posed. In essence, the difficulty posed by inverse problems is that we are obliged to work not with exact N (A, E, z = 0) but with its estimate obtained by measurements and therefore subject to accidental errors. Additional errors occur because of the approximate description of cosmic ray propagation. Different regularization procedures can be used to deal with these problems [13] [14] [15] . Below we try to work in the region of parameters where the regularization is not required. In particular, the consideration is limited to not more than two types of nuclei in the sources, the protons and Iron, and the Iron-to-proton source ratio is not too low that alleviate the problem.
Approximation of experimental data
To simplify calculations and damp the spread of data points in the measured at the Earth cosmic ray spectrum, we use its analytical approximations. The combined results of the TA and HiRes measurements [16] are presented in figure 1 , where the straight lines show the approximation suggested in [16] . Based on this approximation, we use the following formula for the observed at the Earth spectrum in our calculations:
J ∝ E −3.283 , E < 5.04 × 10 18 eV;
The corresponding approximation of the TA+HiRes data is shown by the dash gray line in figure 1 . The formula
is used in our calculations to approximate the Auger data [17] , see figure 2. This formula is similar to the equation suggested by the Auger team but contains exp(−(E/1.5 × 10 20 eV ) 4 ) factor of cosmic ray flux suppression at energies 1.5 × 10 20 eV. Using the Auger data on energy dependence of the mean logarithm of the atomic mass number lnA calculated in the EPOS-LHC model of particle interactions in the atmosphere [17] , we accept the following approximation lnA = 0.5 + 4.2 × (E/10 20 eV)
shown by the dash line in figure 6 below. 
Results of Calculations
We first make calculations of the source spectra in two simple cases of pure proton and pure Iron source composition. The results are shown in figure 3 , see figure caption for the explanation. The kinks in all source spectra at about 5×10 18 eV are due to the corresponding discontinuities of the first derivatives of the expressions (3.1) and (3.2) and in this sense they are artificial. The power law tail at the highest energies in eq. (3.1) describing the observed spectrum results in the extension of the calculated TA+HiRes source spectra to higher energies compared to the calculated Auger source spectra. The difference between these two experiments is much smaller at energies below (3...5) × 10 19 eV where the data are more accurate. The difference between proton and Iron sources at these relatively low energies is evident: the proton source spectrum can be better approximated by a power law compared to the concave Iron spectrum. It is explained by the influence of energy loss on the e − e + production in the case of ultra high energy protons moving through the background radiation [12] . After propagation in the intergalactic space, this process produces the characteristic deep in the initial power law proton spectrum at around 5 × 10 18 eV while the Iron nuclei preserve the shape of their source spectrum. The results of calculations when both proton and Iron are present in the source and their spectra are similar functions of magnetic rigidity are shown in figure 4 . One can see how the results of calculations depend on the assumed Iron-to-proton source ratio S F e /S p .
The calculated elemental composition of cosmic rays at the Earth for the case S F e /S p = 10 −2 is presented in figure 5 . The corresponding value of ln(A) is shown in figure 6 . It is evident that our very simple model with only two primary species at the source (protons and Iron nuclei), does not reproduce the observed lnA except the energies ∼ 10 18 eV where the protons and light nuclei dominate and the highest energies where the Iron group nuclei dominate. The intermediate nuclei are certainly needed at the source to reproduce observations at all energies.
The use of the measured mean logarithm of A
The source spectra of protons and Iron can be found if the measurements of the mean logarithm ln A are available in addition to all-particle spectrum. Then using Eq. (2.3) we found the following two systems of equations for q j (1) and q j (56):
2) Figure 7 . Calculated source spectra of protons and Iron based on Auger data on cosmic ray spectrum and lnA .
The source spectrum of Iron q j (56) is found from the last system of equations. After that the source spectrum of protons q j (1) is obtained solving the system of equations (5.1).
As a result both the observed all particle cosmic-ray Auger spectrum at the Earth (2) and the lnA(E) given by eq. (3.3) can be exactly reproduced if only protons and Iron nuclei are present in the source. The corresponding calculated source spectra are shown in figure 7 . They have different dependence on magnetic rigidity.
Discussion and Conclusion
We showed how one can find average spectrum of extragalactic sources from the cosmic ray spectrum observed at the Earth. This task was formulated as an inverse problem for the system of transport eqs. (2.1) that describe the propagation of ultra-high energy cosmic rays in the expanding Universe filled with the background electromagnetic radiation.
The purpose of the present paper was the demonstration of general approach to the problem. The simple settings were considered. The two variants of observed cosmic ray spectrum were used in the calculations. One was taken from the Auger data [17] and approximated by formula (3.2) . The other presented the combined TA+HiRes data [16] approximated by eq. (3.1). It was assumed that only two kinds of nuclei (proton and Iron) were present in the sources and the cases of a pure proton, pure Iron, and the mixed source composition were considered. In the last case the calculations were made for the following two scenarios: 1) the proton and Iron source spectra have the same shape on rigidity; 2) the source spectra and the Iron-to-proton ratio are forced to reproduce the observed at the Earth value of lnA . Mathematically, the inverse problems for transport equations (2.1) are ill-posed in the general case that manifests itself in the instability of derived solutions. It explains to a large extent simple assumptions used in the present paper. We plan specifically study this problem in a future publication.
It is difficult to make firm astrophysical statements about cosmic ray source spectra and composition from our simple modelling. However, some conclusions can be made. Recall that the kinks in the calculated source spectra at about 5 × 10 18 eV reflect the corresponding discontinuities in the derivatives of the approximation eqs. (3.1,3.2) and are artificial in this sense. To demonstrate the specific character of the inverse problem solutions, we did not correct the unphysical approximations of the observed spectra.
Accepting that the TA+HiRes data favour the proton source, one can see from figure  3 (the dash black line) that the source spectrum is close to the power law ∝ E −2.6 below ∼ 4 × 10 19 eV with some deviations above this energy and bending down at 5 × 10 20 eV. Notice that statistics above 3 × 10 19 eV is poor and the power law approximation of data (3.1) is not very reliable at the highest energies. The proton source spectrum E −2.55 to E −2.75 was derived in the solution of direct transport problem under the assumption of a power-law source spectrum and without cosmological source evolution [12] .
The Auger data favor the transition from a proton source composition to the Iron one as the energy is rising. With our simple two-spices composition, this case is most closely reproduced by the calculations illustrated in figure 4 . The obtained source spectra resemble the results [18, 19] based on the analysis of direct transport problems with a power law source spectrum. The maximum magnetic rigidity of accelerated particles (3...5) × 10 18 eV is relatively low in this case that alleviates the problem of cosmic ray acceleration. The calculated composition of cosmic rays at the Earth shown in figure 6 considerably deviates from the Auger measurements and certainly requires incorporation of the intermediate nuclei between protons and Iron in the source composition.
The study of inverse transport problem is a useful tool for the investigation of ultra high energy cosmic rays allowing the abandonment of the standard assumption of power law source spectrum with an abrupt cutoff at some maximum magnetic rigidity as it is usually assumed when the direct problem is considered. The present work is a simple illustration of this new approach.
